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We study the effects of temperature on the topological nature of ZrTe5, which sits near the phase
boundary between strong and weak topological insulating orders. Using first-principles calculations,
we show that the band gap and the topological indices of ZrTe5 are extremely sensitive to thermal
expansion, and that the electron-phonon interaction accounts for more than a third of the total
temperature-dependent effects in ZrTe5. We find that the temperature dependence of the band gap
has an opposite sign in the strong and weak topological insulator phases. Based on this insight, we
propose a robust and unambiguous method to determine the topological nature of any given sample
of ZrTe5: if the band gap decreases with temperature it is a strong topological insulator, and if it
increases with temperature it is a weak topological insulator. An analogous strategy is expected to
be generally applicable to other materials and to become particularly important in the vicinity of
topological phase boundaries where other methods provide ambiguous results.
I. INTRODUCTION
Topological insulators (TIs) and semimetals have be-
come an important field of condensed matter over the
last decade. TIs feature gapless surface states with spin-
momentum locking that could be potentially useful for
applications in spintronics and quantum computing1,2.
More recently their semimetallic counterparts, which in-
clude Dirac and Weyl semimetals and various flavors of
nodal semimetals, have gained widespread interest3.
An intriguing addition to the family of topological mat-
ter was made by Weng and co-authors, who proposed
monolayers of transition-metal pentatellurides ZrTe5 and
HfTe5 as large gap quantum spin Hall insulators
4. This
prediction has sparked intense experimental and theoreti-
cal activity on this material system, not only in the mono-
layer form but also in the bulk. Additionally, ZrTe5 has
proved a fertile ground for the discovery of a number of
exciting properties: chiral magnetic effect5, log-periodic
quantum oscillations6, three-dimensional quantum Hall
effect7 and quantized thermoelectric Hall conductivity8,
to list just a few.
Despite this broad-ranging interest, the topological na-
ture of bulk ZrTe5 has not been unambiguously identified
and has led to considerable debate. Using angle-resolved
photoemission spectroscopy (ARPES), Manzoni and co-
workers have characterized ZrTe5 as a strong TI
9. Other
ARPES measurements show a weak TI phase10–12, which
is also supported by scanning tunneling microscopy13,14
and Shubnikov-de-Haas oscillations15. Other experi-
ments based on magnetotransport5,16,17 and infrared
spectroscopy18,19 instead point to a Dirac semimetal
phase. Yet other experiments using infrared spectroscopy
observe a temperature-induced transition from a strong
to a weak TI mediated by a Dirac semimetal20. An as-
sociated debate is that surrounding the dimensionality
of the proposed Dirac cone in ZrTe5 and whether it is
gapped or gapless12,19,21–26. Many of these contradict-
ing experimental results are supported by first-principles
calculations, which raises the question of their reliability
and predictive power.
In this contribution we study the effects of tempera-
ture on the topological nature of ZrTe5. We demonstrate
that the band gap as well as the topological indices of this
material are extremely sensitive to the volume and there-
fore to thermal expansion. Additionally, we calculate the
change in the band gap of ZrTe5 arising from electron-
phonon coupling, which accounts for more than a third
of the total temperature-dependent effects. We find that
both volume and electron-phonon coupling corrections
to the band gap have an opposite sign in the strong and
weak TI regimes. Based on our results, we propose that
monitoring the temperature dependence of the band gap
provides an unambiguous way to determine the topolog-
ical nature of any given sample of ZrTe5, which may be
more generally applicable to materials close to topologi-
cal phase boundaries.
II. METHODS
We use first-principles methods based on density
functional theory (DFT)27,28 as implemented in the
vasp code29–32 within the projector augmented-wave
formalism33,34. Based on convergence tests, we use
an energy cut-off of 500 eV and a Brillouin zone (BZ)
Monkhorst-Pack35 k-point grid of size 8×8×4 for prim-
itive cell calculations, and commensurate grids for super-
cell calculations. We describe the exchange-correlation
functional with the generalized gradient approximation
of Perdew-Burke-Ernzerhof (PBE)36 and also with the
hybrid Heyd-Scuseria-Ernzerhof (HSE) functional37,38.
The spin-orbit interaction is included as a perturbation
to the scalar relativistic Hamiltonian, the so-called sec-
ond variational method39.
Based on our first-principles results we construct a
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FIG. 1. Band gaps and band structures with volume. Band gap at the Γ point with increasing volume using (a) PBE
and (b) HSE functionals. The shaded blue and red regions correspond to a strong topological insulator (STI) and a weak
topological insulator (WTI) respectively. For both functionals the band gap first decreases with increasing volume, vanishing
at the critical value marking a topological phase transition. The gap then reopens with further increase in volume beyond the
critical value. Representative band structures in (c) strong and (d) weak TI regimes.
Wannier function based tight-binding model using the
wannier90 code40. We include the Zr 4d and Te 5p or-
bitals in the model. We then calculated the topological
invariants for different structures using the Wannier-
Tools package41.
The vibrational calculations are performed using the
finite displacement method42 in conjunction with non-
diagonal supercells43. The matrix of force constants is
explicitly calculated on a coarse 4 × 4 × 4 q-point grid,
and then the dynamical matrix is obtained on a finer
grid to calculate phonon dispersions. We note that the
phonon calculations are very sensitive to the electronic
BZ sampling grid. We perform the electron-phonon cou-
pling calculations on a grid of 2× 2× 1 q-points.
III. RESULTS AND DISCUSSION
Temperature impacts the electronic structure and
topology of materials through two main contributions,
thermal expansion and electron-phonon coupling44–51.
Using our first-principles approach we are able to dis-
entangle these two effects and look at their individual
contributions. We note that electronic temperature can
also play a role, but only very close to the transition
itself52 and therefore we neglect this contribution in our
calculations.
We find that both the band gap and the band topol-
ogy of ZrTe5 are extremely sensitive to the volume
of the unit cell, and therefore to thermal expansion.
Three-dimensional TIs are characterized by four indices
(ν0; ν1ν2ν3)
1. Based on the value of ν0, they can be clas-
sified into strong (ν0 = 1) and weak (ν0 = 0) TIs. At
the relaxed PBE volume we find ZrTe5 to be a weak
TI with the topological indices (0; 110). On the other
hand, for the experimentally-reported volumes at 10 K
and 300 K53, we find a strong TI phase in both cases.
The band gap at the BZ centre (Γ) with increasing vol-
ume using the PBE functional is shown in Fig. 1(a). We
find that, starting from small volumes, the band gap de-
creases with increasing volume in the strong TI phase.
The gap vanishes at a critical volume, at which ZrTe5
is a Dirac semimetal. The reopening of the band gap
on further increase of the volume signals a topological
phase transition into a weak TI. In the weak TI phase
the band gap increases with increasing volume, a trend
opposite to the case of the strong topological insulator
phase. We also calculate the band structure and band
topology using the HSE functional, which is often more
reliable to estimate band gaps. The Γ-point band gap as
a function of volume obtained with HSE is presented in
Fig. 1(b). We find a similar behaviour of the band gap
as a function of volume as in the case of PBE. While the
critical value of volume at which the topological phase
transition occurs is different by ∼ 1.3% using PBE and
HSE, the trend of decreasing gap with increasing volume
in the strong TI phase and the opposite behaviour in the
weak TI regime are robust to the choice of theory.
We note that our results are consistent with recent
theoretical studies discussing the effect of volume on the
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FIG. 2. Phonon spectra. Phonon dispersions (a) without
spin-orbit coupling and (b) with spin-orbit coupling along the
high symmetry directions. Note the presence of an imaginary
phonon frequency at Z in both cases.
band structure of ZrTe5
4,54. However, to fully capture
temperature dependent material properties, the electron-
phonon interaction also needs to be considered. As we
will show next, these electron-phonon coupling effects are
substantial and including them is essential for a com-
plete understanding of the temperature dependence of
the topological nature of ZrTe5.
The phonon dispersion of ZrTe5 is shown in Fig. 2 along
a high symmetry path in the BZ obtained with seek-
path55. The top diagram shows the results from calcu-
lations performed without the inclusion of spin-orbit cou-
pling, while the bottom diagram shows the correspond-
ing results including spin-orbit coupling. The dispersions
exhibit some differences, most prominently in the low-
energy region along the path Γ–Y–M, where the phonons
calculated including spin-orbit coupling have higher en-
ergies than those calculated without. Importantly, both
dispersion curves exhibit an imaginary phonon mode at
the Z point, which indicates that the Cmcm structure of
ZrTe5 is not dynamically stable within the harmonic ap-
proximation, and that a lower energy structure of ZrTe5
exists. Indeed, by distorting the Cmcm structure along
the imaginary phonon mode at Z and relaxing to the
local minimum we obtain a structure of Pnnm symme-
try which is 0.7 meV per formula unit lower in energy
than the initial structure. This result is at odds with ex-
periments, which invariably report the higher symmetry
Cmcm structure for ZrTe5
53,56–58.
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FIG. 3. Harmonic versus anharmonic approximations.
Energy as a function of the amplitude of the imaginary
phonon mode. The red circles denote the anharmonic en-
ergy profile, which shows a shallow double well. The blue
line is the self-consistent harmonic approximation, exhibiting
a single minimum at zero amplitude. The black dashed line
denotes the energy at 300 K.
Fig. 3 shows the potential energy surface VANH of the
Cmcm structure of ZrTe5 along the imaginary phonon
mode at Z. This diagram shows that a distortion along
this mode leads to an anharmonic double well potential.
However, the energy scale of this anharmonic distortion
is small compared to the thermal energy scale, which is
25.9 meV at 300 K (dotted black line in Fig. 3). This sug-
gests that anharmonic lattice dynamics might stabilize
the experimentally observed Cmcm structure of ZrTe5.
To explore this possibility, we limit our analysis to the
anharmonic mode at Z and use the self-consistent har-
monic approximation (SCHA)59, which determines the
effective harmonic free energy at some fixed temperature
by including anharmonic terms in the total energy static
potential. Consider a quartic anharmonic potential:
VANH =
1
2
ω2u2 +
1
4
λu4, (1)
where ω2 < 0 for the unstable mode at Z. The self-
consistent harmonic potential at inverse temperature β
is then VSCHA =
1
2Ω
2u2, where60:
Ω2 = ω2 +
3λ
2Ω
coth
(
βΩ
2
)
. (2)
We fit Eq. (1) to the anharmonic potential energy sur-
face shown in Fig. 3 to determine ω and λ. We then
solve Eq. (2) using a Newton-Raphson method, and the
resulting potential VSCHA at 300 K is depicted in Fig. 3.
This potential can be thought of as the free energy poten-
tial at 300 K, which exhibits a single well and therefore
demonstrates that anharmonic thermal motion dynami-
cally stabilises the experimentally observed Cmcm struc-
ture of ZrTe5. Repeating this analysis at 10 K also leads
to a single well free energy potential, indicating that even
4TABLE I. Band gap of ZrTe5 at the Γ point. E
gap
PBE and E
gap
HSE are the static gaps using PBE and HSE functionals,
respectively, and the correction due to electron-phonon coupling, calculated with the PBE functional, is denoted by ∆Egapel−ph.
Temperature Volume Topological indices EgapPBE (meV) E
gap
HSE (meV) ∆E
gap
el−ph (meV)
10 K Experiment at 10 K53 STI (1; 110) 173 122 −16± 1
300 K Experiment at 300 K53 STI (1; 110) 141 91 −33± 2
10 K PBE WTI (0; 110) 210 224 +3± 1
300 K PBE WTI (0; 110) 210 224 +11± 2
quantum zero-point motion is sufficient to stabilize the
Cmcm structure of ZrTe5.
We calculate the change in the band gap of ZrTe5 at
inverse temperature β arising from electron-phonon cou-
pling by evaluating the expectation value of electronic
eigenvalues kn, labeled by momentum k and band index
n, with respect to the vibrational density:
kn(β) =
∫ ∏
qν
duqνkn({uqν})|φqν(uqν ;β)|2. (3)
Phonon modes are labeled by their momentum q
and branch index ν, and the vibrational density is
|φqν(uqν ;β)|2 = [2piσ2qν(β)]−1/2 exp[−u2qν/2σ2qν(β)] with
σ2qν(β) = (1/2ωqν) coth(βωqν/2). In this expression,
we treat the anharmonic phonon mode at Z within the
self-consistent harmonic approximation, while all other
phonon modes are treated within the harmonic approxi-
mation. We evaluate Eq. (3) using stochastic integration
accelerated with thermal lines61 at 10 and 300 K. We per-
form calculations for ZrTe5 structures corresponding to
the experimental volumes at 10 and 300 K, and also for
a fully relaxed structure using the PBE functional. The
first two structures correspond to the regime in which
ZrTe5 is a strong TI, while the latter to the regime in
which it is a weak TI.
Table I shows the correction to the band gap at the
Γ point of ZrTe5 calculated from electron-phonon cou-
pling. In the strong TI regime the band gap correction
is negative, while in the weak TI regime the band cor-
rection is positive. The sign change in these corrections
across the strong-to-weak topological transition arises be-
cause of the associated band inversion at the Γ point.
We also note that increasing temperature enhances the
magnitude of the correction in both regimes. Compar-
ing with other materials exhibiting topological order, the
band gap change induced by electron-phonon coupling in
ZrTe5 has a similar magnitude to that of BiTeI
50 and
β-PbO2
62, while it is weaker than that in the Bi2Se3
family of topological insulators47 and that in the alloy
BiTl(S1−δSeδ)248.
A full picture of the temperature dependence of the
band gap of ZrTe5 emerges from combining the thermal
expansion and electron-phonon coupling results. In the
strong TI regime, both thermal expansion and electron-
phonon coupling contribute to decreasing the Γ-point
band gap with increasing temperature, pushing ZrTe5 to-
wards the Dirac semimetal phase. In the weak TI regime,
both thermal expansion and electron-phonon coupling
contribute to increasing the Γ-point band gap with in-
creasing temperature, moving ZrTe5 away from the Dirac
semimetal phase. We also note that increasing temper-
ature leads to the closure of the band gap of the mate-
rial, with the formation of a hole pocket at the Γ point
and an associated electron pocket elsewhere in the BZ.
This temperature-dependent shift of the electronic bands
is consistent with experimental reports63 and has been
connected to the resistivity anomaly in ZrTe5
5,16,17,64,65.
It has proved challenging to determine the topologi-
cal nature of ZrTe5. Experimentally, strong TI, weak
TI, and Dirac semimetal phases have been proposed. It
is possible that these reports are not inconsistent, with
the differences arising for example from different growth
conditions (see, for instance, supplementary material in
Ref. 6). Many of these experiments rely on support from
first-principles calculations to extract the topological na-
ture of ZrTe5, which seems to suggest that these calcu-
lations can be used to support any desired outcome. As
we have shown, the calculated topological order depends
critically on the level of theory and on the volume of
the structural models used. As a consequence, absolute
comparisons are uncertain due to the many sensitive vari-
ables, and this might explain the contradicting reports
found in the literature. To resolve this, we propose a re-
liable method to determine the topology of ZrTe5 which
does not rely on uncertain absolute values but instead
on robust changes. Our results suggest an unambiguous
way of determining the topological nature of any given
sample of ZrTe5: if the band gap decreases with tem-
perature it is a strong TI, and if the band gap increases
with temperature it is a weak TI. A similar observation
was made for BiTeI, which also shows an opposite sign
in the temperature dependence of its band gap on either
side of a pressure-induced topological phase transition50.
We therefore propose that using temperature dependent
changes in band gaps is a general and robust way to iden-
tify topological phases, specially in systems in the vicinity
of topological phase boundaries where different experi-
mental conditions might lead to distinct conclusions.
Our proposed model is consistent with available
temperature-dependent experimental data. Zhang and
co-workers performed temperature dependent angle-
resolved photoemission measurements of the band gap
of ZrTe5 around the Γ-point
11. They observe an in-
crease of the gap with increasing temperature, which in
5our proposed model would imply that their sample is a
weak TI. Indeed, the lack of topological surface states in
the in-plane surface in their experiments is attributed
to a weak TI bulk order11. Xu and co-workers per-
formed a temperature-dependent infrared spectroscopy
study of ZrTe5 revealing a topological phase transition
from a strong TI at low temperatures to a weak TI at high
temperatures20. Their observations can be consistently
explained by our calculations incorporating both volume
and electron-phonon coupling effects. Furthermore, they
observe that the band gap decrease with temperature in
the strong TI regime is stronger than the band gap in-
crease with temperature in the weak TI regime. In our
calculations, the volume-induced changes in the band gap
are similar in both regimes and therefore cannot capture
this experimental observation. Importantly, the inclusion
of electron-phonon coupling in the model does explain the
experimental observation, as the electron-phonon cou-
pling contribution is significantly weaker in the weak TI
regime (see Table I).
IV. SUMMARY
We have shown that the band topology of ZrTe5 is
extremely sensitive to volume and consequently to ther-
mal expansion. We have also shown that the change in
the band gap of ZrTe5 due to electron-phonon coupling
accounts for more than a third of the total temperature-
dependent effects in this material. Overall, both ther-
mal expansion and electron-phonon coupling corrections
to the band gap have an opposite sign in the strong
and weak TI phases of ZrTe5, explaining the available
temperature-dependent experimental data. Based on
these insights, we proposed a robust and unambiguous
way to determine the topological nature of any given sam-
ple of ZrTe5 by monitoring the temperature dependence
of the band gap. This approach may be generally ap-
plicable to materials in the vicinity of topological phase
boundaries, where other methods fail, as exemplified by
the experimental controversies surrounding ZrTe5.
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